We study the tunneling of a small ensemble of strongly repulsive bosons in a one-dimensional triple-well potential. The usual treatment within the single-band approximation suggests suppression of tunneling in the strong interaction regime. However, we show that several windows of enhanced tunneling are opened in this regime. This enhanced tunneling results from higher band contributions, and has the character of interband tunneling. It can give rise to various tunneling processes, such as single-boson tunneling and two-boson correlated tunneling of the ensemble of bosons, and is robust against deformations of the triple well potential. We introduce a basis of generalized number states including all contributing bands to explain the interband tunneling, and demonstrate various processes of interband tunneling and its robustness by numerically exact calculation. *
I. INTRODUCTION
Ultracold atoms in optical lattices represent a rapidly-growing field of research [1] [2] [3] , with applications such as quantum simulators [4] of strongly correlated systems, quantum phase transitions, such as the superfluid-Mott insulator transition [5] [6] [7] , or quantum computing and quantum information processing [8, 9] . All these applications are rooted in the possibility of an extensive control of the underlying setup: the geometry and strength of trapping potentials can be tuned by the laser beams forming the lattice potential [10] [11] [12] , while the interaction strength can be changed via Feshbach resonances [13] [14] [15] . Particularly in quasi one-dimensional systems, where the transversal degrees of freedom are energetically frozen by a tight transversal confinement, the effective interaction strength can be tuned by the confinement strength, leading to so-called confinement induced resonances [16] [17] [18] [19] [20] . As a hallmark example, this has led to the realization of the Tonks-Girardeau gas, a highly correlated one-dimensional bosonic state where the strong repulsive interaction induces fermionic properties into bosons [21] [22] [23] [24] .
The double well is the simplest case of a multiwell potential, and a plethora of phenomena have been observed and analyzed in great detail for this system. Loaded with a Bose-Einstein Condensate (BEC), the double well manifests itself as a bosonic analogue of the superconducting Josephson junction [25, 26] . In the low-interaction regime, the coherent phase coupling of the BEC in neighboring wells dominates the tunneling properties, and gives rise to population transfer such as Rabi oscillations and π-mode oscillations [27] , while in the somewhat stronger-interaction regime, the nonlinearity introduced by the interaction dominates, and the BEC can become self-trapped [28, 29] . On the other hand, for few-body systems, the microscopic counterpart of BECs, the tunneling between two neighboring wells also takes place in a correlated manner, exhibiting pair tunneling in the low-to intermediateinteraction regime [30, 31] , and turning to self-trapping for stronger interactions [31] , which indicates the intrinsic correlation between micro-and macro-ensembles of ultracold atoms.
The generalization from double well to multiwell systems can provide a bottom-up understanding of mechanisms operating in the infinite optical lattice. For instance, the study of the ground state properties by increasing the interaction strength in the double well and multiwells with the well number up to seven shows a common behavior of vanishing interwell correlations [32] [33] [34] , which is related to the superfluid-Mott insulator transition in the infinite optical lattice.
A straightforward natural extension of the double well is the one-dimensional triple well.
In the triple well, ultracold atoms also show correlated tunneling and self-trapping in the lower-and stronger interaction regime, respectively [35] , and present at the same time novel properties such as stationary tunneling, in which the loss of coherence between bosons leads to a steady state [36] . Reference [37] provides an extensive study of the long-time evolution of the dynamical properties of micro-and macro-ensembles of bosons in the triple well. All these studies may generalize the phenomena in the double well to the optical lattices, and bridge the gap between the micro-and macro-systems, as we can see the triple well as a protype of optical lattices. Moreover, similarly to the analogue of the double well to the Josephson junction, the triple well is the minimal system which can model the source-gatedrain junction, and draws lots of attention from the perspective of atomtronics. A variety of proposals to achieve controllable atom transport based on the triple well have been presented [38] [39] [40] .
A widely used approximation in the study of cold atoms is the single-band approximation, which ignores the higher band contribution. This single-band approximation, working successfully in the low interaction regime, finds difficulties in the strong interaction regime, where the strong correlation between bosons suppresses the coherence, and consequently leads to phenomena such as the fragmentation of bosonic ensembles [41] , fragmented pair tunneling and eventually breaking up of the tunneling pairs in the Tonks-Girardeau regime [31, 42] . Efforts have been done to extend the studies to the strong-interaction regime, by explicitly taking into account the higher band contributions. It has been shown that higher band effects can give rise to effective many-body interactions [43, 44] , and can modify the Bloch oscillation [45] as well as Mott transition [33, [46] [47] [48] .
In this work, we study the dynamical properties of a few-boson system in a onedimensional triple-well with the numerically exact Multi-Configuration Time-Dependent Hartree Method (MCTDH) [49] [50] [51] . In the strong interaction regime, where it is common sense that tunneling in the multiwell is suppressed, we observe that multiple windows of enhanced tunneling are opened on top of the suppressed-tunneling background. These tunneling revivals result from the resonant coupling of the initial state to particular higher band states, and this enhanced tunneling is interband tunneling. Various tunneling patterns such as single-boson and correlated tunneling can be realized in corresponding windows of enhanced tunneling, which could be used to transport cold atoms in a controllable way.
The present work is organized as follows: in Sec. II, our setup and the MCTDH method are introduced. In Sec. III we discuss the construction of generalized number states which include interactions and are ideally suited for the analysis of the interband tunneling. In Sec. IV we present our results and their discussion and interpretation, and demonstrate in particular the interband process. Sec. V contains the summary and conclusions.
II. SETUP AND COMPUTATIONAL METHOD

A. Setup
In this work, we explore the correlated quantum dynamics of a few-boson system confined to a one-dimensional triple well. The Hamiltonian takes on the appearance:
Here V tr (x) = V 0 sin 2 (κx) models the 1D triple-well confinement, where for convenience we apply hard-wall boundary conditions at x = ±3π/2κ (κ is the wave vector of the laser beams forming the optical lattice) so as to confine the bosons to three adjacent wells, as schematically shown in figure 1(a). Experimentally the triple well potential can be realized, e.g., by a bichromatic optical lattice, formed by laser beams of different frequency, or a harmonic trap superimposing an optical lattice. The shape of the triple well could correspondingly deviate from the ideal sine-square form which we are using here. However our results and findings are to a large extent independent of the exact form the triple well potential and the boundary conditions, and similar effects would be detected for various experimentally realizable setups.
The last term of H represents the 1D contact-interaction potential. Under cylindrical harmonic confinement, the effective 1D coupling becomes [ 17, 18] , respectively.
In the following we rescale (1) in units of the recoil energy E R = 2 κ 2 /2M, while the space and time are given in the unit of κ −1 and /E R , respectively. This amounts to setting
The coupling of the interaction potential now reads g = 2g 1D M/ 2 κ.
The triple well potential turns to V tr = V 0 sin 2 x, with hard wall boundary conditions at x = ±3π/2. In this work, V 0 is large enough such that each well confines three localized single-particle Wannier states: the ground, first excited and second excited Wannier states. We apply the numerically exact Multi-Configuration Time-Dependent Hartree (MCTDH) method [49] [50] [51] , a wave packet dynamical approach to the ab-initio solution of multidimensional time-dependent Schrödinger problems. In MCTDH the many-body wave function is expanded in terms of Hartree products of single particle functions of a corresponding basis:
where ϕ j i (x i ) are the single particle functions for the degree of freedom x i . Substituting this Ansatz into the Schrödinger equation, i ∂ t Ψ = HΨ, leads to a set of differential equations for A j 1 ,...,j N (t) and ϕ j i (x i , t). Integrating these differential equations, we obtain the time evolutions for arbitrary initial conditions Ψ(x 1 , ..., x N ; 0). MCTDH can also be used to calculate stationary states of given system by relaxation of a proper wave function, i.e.
imaginary time propagation. The advantage of MCTDH compared to exact diagonalization is that it optimizes the single particle function ϕ j i (x i , t) at each time step, which leads to a reduction of the total number of necessary single particle functions in order to achieve convergence. When dealing with bosonic system, MCTDH can be simply modified to fulfill the permutation symmetry preserved by bosons. This can be done by symmetrizing the coefficients A J , and using a single set of {ϕ j (x, t)} for all the degrees of freedom.
We aim at the tunneling dynamics of initial states where all bosons are localized in the same well. Such an initial condition can be experimentally prepared e.g. by adiabatically applying an external potential which rearranges the energies of minimum of the triple well, and all bosons are then confined to the lowest well, for instance, a linear tilt potential can confine all the bosons to the left well, and a harmonic potential originating at the middle well will localize all the bosons to the middle well; consequently this external potential is removed instantaneously. To prepare the initial state for our numerical calculations, we apply artificial hard wall boundary conditions on each side of the corresponding well, and let the bosonic wave function relax to the ground state inside the well via imaginary time propagation in the framework of MCTDH. Subsequently we turn off the artificial hard walls, and explore the time evolution Ψ(x 1 , ..., x N ; t) in the triple well potential via MCTDH.
III. GENERALIZED NUMBER-STATE REPRESENTATION AND SPATIO -ENERGETIC CHARACTERISTICS OF THE TRIPLE WELL
Here we describe our number- 
where S refers to the symmetrization operation among all the bosons, and 
where W (x) = V 0 sin 2 (x) with hard wall boundary conditions at x = ±π/2, is the local confining potential, and e i N is the ith on-site energy, with i labeling the level of energetic excitation. The interaction potential in (5) takes the form:
A few remarks are in order here. Equation (5) is the constituting equation for the three subsets of bosons with particle number N L , N M and N R . Within each subset all interactions are taken into account whereas no interactions are taken into account for bosons belonging to different subsets, which is because we divide the triple well for our definition of number states into three adjacent single wells with hard wall boundary conditions. That is why V I can be divided into three terms according to (6) . The number states x|N L , N M , N R i (see (4) Let us discuss the response of the energies e i N to the interaction strength. As the interaction strength rises from zero to infinity, the wave functions of the number states change from the form of non-interacting bosons to that of fermionized bosons [21, 22, 32] , in which bosons with strong repulsive interaction in one dimension avoid spatial overlap and acquire fermionic properties. Correspondingly, the on-site energy increases from the sum of different single-boson Wannier energies and saturates to the corresponding value for non-interacting fermions. The latter can be described as e
, where e i 0 is the value for non-interacting bosons, which is independent of the distribution of the bosons among the three wells, and increases with i. e f (N L , N M , N R ) is the increase of the on-site energy in the fermionization regime compared to the non-interacting regime, which is dependent on the distribution of (N L , N M , N R ), i.e., the more the bosons are localized to the same well,
When the on-site energy difference of two number states becomes much smaller than the effective coupling between them, significant tunneling will take place between them. For instance, the on-site energy of number states with lower i, but higher degree of localization of the bosons can cross that of other number states at a particular interaction strength, resulting in an enhanced tunneling between the corresponding number states. As such tunneling directly results from the contributions of excited number states, from higher bands of the system, we refer to this enhanced tunneling as "interband" tunneling.
Let us briefly provide a comparison of the number states introduced here and in other works focusing on higher band effects. In previous works, the wave function is expanded with respect to the number states of non-interacting bosons, and the interaction potential is treated as a perturbation to these states. This means that these number states are just products of non-interacting single-particle Wannier functions. The perturbative treatment of the interaction potential limits such an expansion to the low-interaction regime. In our case the generation of number states intrinsically treats the interaction and the confinement potential, i.e., V I (x) and W (x) in (5), in an inseparable manner, so that it becomes valid in the complete interaction regime, and uncovers the interplay between the interaction potential and the confinement potential. For instance, the interband tunneling discussed here can be easily understood in the number-state basis developed here but not in the number-state basis of non-interacting bosons applied in previous works.
IV. INTERBAND TUNNELING: OBSERVATION AND ANALYSIS OF MECHA-
NISM
Interband tunneling is a general phenomenon insensitive to the total number of bosons, given all the bosons are well localized in the individual wells, and the minimal system to unravel this phenomenon is that of three repulsively interacting bosons in the triple well. In the following we demonstrate this process at hand of the system of three bosons in a triple well.
Firstly we briefly discuss the number-state properties of the three-boson system, especially the properties of the on-site energies of the number states. The number states can be divided into three categories: the "single mode" {|1, 1, 1 i }, implying that all the bosons are localized in different wells, the "pair mode" {|2, 1, 0 i , |2, 0, 1 i , |1, 2, 0 i , |0, 2, 1 i , |1, 0, 2 i , |0, 1, 2 i }, refering to that two bosons are localized in the same well, and the "triple mode" {|3, 0, 0 i , To confirm and further analyze the above statement we show the corresponding one-body density for different times in figure 6(a) . In the one-body density results, we see initially all bosons are trapped in the middle well. The deviation of this profile from a Gaussian indicates the onset of the fermionization process of the three strongly repulsively interacting bosons, which is similar to that of three strongly repulsively interacting bosons confined in the harmonic trap [32, 52, 53] . At later times, where a single boson tunnels to the left and right well, there are two nodes in these wells demonstrating the occupation of the second excited Wannier energy levels in both wells. We also illustrate this tunneling process in figure   6 (b), and in this case the ensemble of bosons tunnels between the initial state |0, 3, 0 0 , and the cat state |1, 2, 0 3 + |0, 2, 1 3 .
In conclusion, we demonstrated that tunneling emerging from a state of three bosons localized in the same well can be enhanced by the resonant coupling to number states relating to higher bands, and this resonant coupling gives rise to interband tunneling, in which a single boson tunnels to different excited Wannier states of different wells.
The above-mentioned interband tunneling can also interplay with the external confinement to achieve a tunable tunneling not only to a certain band but also to a certain well.
A slight tilt potential V tilt = 0.1 · x can e.g. be applied to the triple well, which detunes nance with |2, 1, 0 1 at the particular interaction strength g = 3.0, and consequently a single boson tunnels only to the middle well. Figure 7 provides the results of a tunneling process with tilt potential V tilt , in which the boson only tunnels to the middle well at g = 3.0.
In experiments, the main difference of various realizations of the triple well potential is represented by the shift of the on-site energy of each well. The interband tunneling under tilt potential demonstrates that such tunneling is robust against the on-site energy shift, and consequently robust against deformations of the triple well potential from the ideal sine-square form. Earlier works also suggest that the tilt potential can be used to transport bosons in multiwell both dynamically [54] and adiabatically [38] , and we point out that the interplay between the interaction potential and tilt potential can realize a specific transport of bosons not only into particular wells but also to particular Wannier states in corresponding wells. In figure 9 (a) we show the corresponding one-body density for different times to spatially resolve the interband tunneling process. The nodal pattern of the density profile in the left and right well confirms the occupation of the first excited Wannier states in these wells. into resonance, for instance.
V. SUMMARY AND CONCLUSIONS
We demonstrate that in a system consisting of a small ensemble of bosons confined in a one-dimensional triple well, several windows of enhanced tunneling are opened in the strong interaction regime, where in general the background of suppressed tunneling dominates.
Such enhanced tunneling results from resonant coupling between the initial state and various excited number states, and can be only understood within an exact treatment of the system since it involves many bands, which is why we name it interband tunneling. When the initial state resonantly couples to different excited number states, various tunneling processes can be realized, which manifests itself as a potential tool for controllable dynamical transport of bosons. As an example, we demonstrate the single-boson tunneling to the first and second excited Wannier states, and the two-boson correlated tunneling in the system of three repulsively interacting bosons in the triple well with numerically exact quantum dynamical studies. The interband tunneling we discuss here can be straightforwardly generalized to multiwell systems with more bosons. In this way, tunneling between arbitrary spatial and energetic configurations of bosons in a multiwell trap are in principle achievable just by tuning the interaction strength, and as a consequence controllable dynamical transport of bosons to specific wells and specific in-well energy levels becomes possible. This also opens the doorway to an interpretation and controllable preparation of the general non-equilibrium quantum dynamics in multiwell systems.
During the interband tunneling process, bosons tunnel to excited number states, and this gives the opportunity to couple the bosons to photons via induced emission processes.
Such coupling can map the properties of number states, such as the spatial configuration, to emitted photons, and may manifest itself as a possible controllable photon source.
To understand the interband tunneling, we introduce a basis of generalized number states, which treat the interaction in a non-perturbative way such that these are valid even in the strong-interaction regime. Our number states are only meaningful and defined for large V 0 .
A main drawback of our method is that the interacting number states cannot be analytically generated, and we have to rely on a numerical approach to obtain them. However this cannot be considered as a serious drawback, since the gain in terms of analysis and transparent interpretation of the dynamical process is substantial, allowing us to understand and consequently design the non-equilibrium tunneling dynamics in optical lattices. We also notice that efforts have been put forward to provide an analytical description in the strong interaction regime [55, 56] . is gratefully acknowledged by S.Z.
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